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Second order linear (const coeff) DE with piecewise continuous forcing
functions

y+y=g(@), t>0, 1 ifo<t<]1

y(0) =1,

Example Solve
0 otherwise.

where g(1) = {

Usual meaning of solution ¢ : [0, 00) — R such that

(1) @' (©) + ¢(r) = g(¢) for all £ > 0;
(2)  ¢'(0) + ¢(0) = g(0); ¢’'(0) means ¢/, (0)
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Remark The IVP has no solution in usual sense.



Second order linear (const coeff) DE with piecewise continuous forcing
functions

y+y=g(@), t>0, 1 ifo<r<l1

y(0) =1,

Example Solve
0 otherwise.

where g(1) = {

Usual meaning of solution ¢ : [0,00) — R such that
(1) (1) + ¢(t) = g(¢) for all t > 0;
(2)  ¢'(0)+¢(0) = g(0); ¢'(0) means ¢.(0)
(3) ¢0)=1

Remark The IVP has no solution in usual sense.

In fact, 71 ¢ : (0, 00) — R satisfying (1).
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Intermediate Value Theorem for Derived Functions

Let f : (a,b) — R be a differentiable function. Then the range of f’ is an
interval.

Proof of remark  Suppose ¢ : (0,00) — R satisfies

,
1 fO<t<l1,
@' (1) + (1) = 4
0 ifr>1.

Fix 5 € (0, 00)

Define f:(0,00) — R by f(t) = (1) + f o(u) du

)

By Fundamental Theorem of Calculus,

= +elt) VYit>0

Hence range of " = {0, 1}, contradicts IVT for derived function.
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"+ by =g(), t>0,
Consider first order IVP {y y=8
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Consider first order IVP {y y=8

y(0) = yo,

where g : [0, 0) — R Is piecewise continuous.

Meaning of solution ¢ : [0,00) — R such that
e e ([0,00)
o ©'(t)+ by(t) = g(tr) forall ¢t € [0, 00) at which g is continuous

e ¢(0) =yo
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"+ by =g(), t>0,
Consider first order IVP {y y=8

y(0) = yo,

where g : [0, 0) — R Is piecewise continuous.

Meaning of solution ¢ : [0,00) — R such that

e ¢ € ([0, )

o ©'(t)+ by(t) = g(tr) forall ¢t € [0, 00) at which g is continuous

e ¢(0) =yo

t
Remark The solutionis  ¢(f) = ™ ( f e o(u) du + y())
0
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0
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Fundamental Theorem of Calculus

Let f: [0, c0) — R be a piecewise continuous function.

Define F : [0,00) — R by F(t) = f f(u)du
0

Then Fis continuous and

F'(a) = f(a) foralla € [0,00) at which f is continuous.

Verify ¢ is solution Let t € [0, o) be such that g is continuous at t.

¢'(t) = e‘bf'e“g<t>+<—b>e-”o( f e g(u) du+yo)
0

g(t) — by(1)
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y(0) = yo,
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Consider second order IVP
y(0) = yo,

where g : [0, 0) — R is piecewise continuous.

ay” + by’ + cy = g(1),

y'(0) =y

t >0,
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y(0) =yo, Y'(0) =y
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t >0,
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Theorem B Consider the second order IVP {

where g : [0, 0) — R is piecewise continuous.

ay” + by" + cy = g(1),
y(0) =y, Y'(0) =y

t >0,

18



ay’ + by +cy=2(), t>0,
Theorem B Consider the second order IVP { Y Y y =8

y(0) =yo, Y(0) =y
where g : [0, 0) — R is piecewise continuous.

Suppose g is of exponential order, then the derivative of the solution to the IVP is
also of exponential order.
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. ay” +by’ +cy =g, t=0,
Theorem B Consider the second order IVP
¥(0) =yo, ¥(0)=x
where g : [0, 0) — R is piecewise continuous.
Suppose g is of exponential order, then the derivative of the solution to the IVP is
also of exponential order.

Proof Consider b* — 4ac > 0, witha = 1.
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(

_ sin ¢ fO<tr<2n
Example Findthe Laplace transform of g where g(¢) = <

ksint+cost ifr>2n

Note

o |g() <2e” forall t>0

Hence L(g)(s) exists for all s > 0. /
e gisdiscontinuous at r = 2z (cont. elsewhere) \/p 0 s
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21 00
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to the right by a distance c, y = u(c)f(t - ¢)

supplemented by the 0 function on [0, ¢). \ /\ /
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