
1

Example Find the general solution to the DE

y′′ + 4y′ + 4y = 8e−2t

Discussion



1

Example Find the general solution to the DE

y′′ + 4y′ + 4y = 8e−2t

Discussion

• Complementary solution yh(t) = c1e−2t + c2te−2t



1

Example Find the general solution to the DE

y′′ + 4y′ + 4y = 8e−2t

Discussion

• Complementary solution yh(t) = c1e−2t + c2te−2t

• To solve given DE

� Reduction of order general solution y(t) = v(t)e−2t



1

Example Find the general solution to the DE

y′′ + 4y′ + 4y = 8e−2t

Discussion

• Complementary solution yh(t) = c1e−2t + c2te−2t

• To solve given DE

� Reduction of order general solution y(t) = v(t)e−2t

� Variation of parameters general solution y(t) = c1(t)e−2t + c2(t)te−2t



1

Example Find the general solution to the DE

y′′ + 4y′ + 4y = 8e−2t

Discussion

• Complementary solution yh(t) = c1e−2t + c2te−2t

• To solve given DE

� Reduction of order general solution y(t) = v(t)e−2t

� Variation of parameters general solution y(t) = c1(t)e−2t + c2(t)te−2t

� Undetermined coefficients particular solution yp(t) = t2Ae−2t
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� IVP
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Chapter 3: First Order Systems

(1) E & U Theorem

(2) Linear Systems

(3) Homogeneous Systems with Constant Coefficients

• Elimination

• Matrix Exponential

• Eigenvalues Method

(4) Non-homogeneous Systems

• Undetermined Coefficients

• Variation of Parameters
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x′n = Fn(t, x1, . . . , xn)
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First Order System (explicit form, n equations, n unknown functions)



x′1 = F1(t, x1, . . . , xn)

x′2 = F2(t, x1, . . . , xn)
...

x′n = Fn(t, x1, . . . , xn)

Solutions to the system in an open interval (a, b) expressed in the form


x1 = ϕ1(t)

x2 = ϕ2(t)
...

xn = ϕn(t),

a < t < b

for each i = 1, 2, . . . , n, ϕ′i(t) = Fi

(
t, ϕ1(t), ϕ2(t), . . . , ϕn(t)

)
∀ t ∈ (a, b)
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1st order system IVP

• First order system



x′1 = F1(t, x1, . . . , xn)

x′2 = F2(t, x1, . . . , xn)
...

x′n = Fn(t, x1, . . . , xn)

• Initial conditions



x1(t0) = x0
1

x2(t0) = x0
2

...

xn(t0) = x0
n
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x1(t0) = x0
1

x2(t0) = x0
2

...

xn(t0) = x0
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(
t0, x0

1, x
0
2, . . . , x0

n

)
∈ dom Fi for all i = 1, . . . , n
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Vector notation for 1st order system (IVP)

System



x′1 = F1(t, x1, . . . , xn)

x′2 = F2(t, x1, . . . , xn)
...

x′n = Fn(t, x1, . . . , xn),
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x1(t)
...
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
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• System can be written as x′ = F(t, x)



11

Vector notation for 1st order system (IVP)

System



x′1 = F1(t, x1, . . . , xn)

x′2 = F2(t, x1, . . . , xn)
...

x′n = Fn(t, x1, . . . , xn),

Init. cond.



x1(t0) = x0
1

x2(t0) = x0
2

...

xn(t0) = x0
n

Put x(t) =



x1(t)
...

xn(t)


, F(t, x) =



F1(t, x)
...

Fn(t, x)


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• IVP
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Existence and Uniqueness Theorem for 1st order system IVP

Consider the IVP
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Suppose F1, . . . , Fn,
∂F1

∂x1
, . . . ,

∂F1

∂xn
,

∂F2

∂x1
, . . .,

∂F2

∂xn
, . . .,

∂Fn

∂x1
, . . . ,

∂Fn

∂xn

are continuous on a neighborhood of
(
t0, x0

1, . . . , x0
n

)
where
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
,
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t0
ϕ(s) ds =



∫ t
t0
ϕ1(s) ds
...∫ t

t0
ϕn(s) ds


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Corollary Consider the nth order IVP


y(n) = F(t, y, y′, . . . , y(n−1)),

y(t0) = y0, y′(t0) = y′0, . . . , y(n−1)(t0) = y(n−1)
0
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Change to 1st order sys
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Example Solve IVP


y′′ + y = 0

y(0) = 1, y′(0) = 0
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E&U Theorem for First Order Linear System IVP

Consider the following system IVP
x′ = P(t)x + g(t), a < t < b

x(t0) = x0.

where t0 ∈ (a, b) and x0 ∈ Rn.
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Proof Modify proof for general E&U Theorem.

Corollary E&U Theorem for nth order linear IVP.

• In what follows, P and g are assumed to be continuous.
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Theorem If x(1), . . . , x(k) are solutions to the homogeneous system

x′ = P(t)x, a < t < b

then linear combinations of x(1), . . . , x(k) are also solutions.

Proof
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Question dim
(
solution space

)
= ?


